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Introduction 
While representations of 3D shapes are used in the teaching of geometry, it is known 
that such representations can provide difficulties for students (e.g. Parzysz, 1988). 
Jones et al (2012) reported that a lot of lower secondary school students (aged 12-15) 
were influenced by visual appearances of 3D representations and could not answer 
correctly. In this paper, I focused on student's 3D geometrical reasoning with 3D 
representations in elementary school. The research questions are: 

• How many students can understand the 3D geometry based on the 3D 
representation (the sketch) in elementary school? 

• How do the elementary school students explain the validity of their judgments? 
 
In what follows, I take as my starting point the levels of 3D geometrical thinking 

proposed by Jones, Fujita and Kunimune (2012) and our previous study (Kondo, Fujita, 
Kunimune, Jones and Kumakura, 2014).  
 
Background and theoretical framework 
Research on students’ reasoning and representations of 3D shapes 
While physical models of 3D shapes can be used in the teaching of geometry, 
representations of 3D shapes (on the 2D board or in textbooks or other materials) are the 
main mediational means. Existing research evidence indicates that representations of 3D 
shapes can have various impacts on learners’ reasoning processes. Parzysz (1988; 
1991), for example, reported that not only do learners prefer the parallel perspective (in 
which parallels are drawn as parallels), but, in particular, they prefer the oblique parallel 
perspective in which the cube is drawn with one face as a square. Such external 
representations can lead to some ambiguities for students with the result that particular 
geometrical relationships might appear as ‘evident’ in a way that can prevent 
geometrical reasoning from developing in the most appropriate way. In line with this, 
Ryu et al (2007) reported that while some of the mathematically-gifted students they 
studied could, for example, imagine the rotation of a represented 3D object, other such 
students had difficulty in imagining a 3D object from its 2D representation. 

 
Jones, Fujita and Kunimune (2012) reported that the 570 G7-9 students’ answers for 

the question illustrated in Figure 1 were classified into the following five categories: (A) 
global judgment; e.g. 90o, no reason (19.3%); (B1) incorrect answer influenced by 
visual information; e.g. half of ∠ AEF = 90 o /2 = 45 o (44%); (B2) incorrect answer with 
some manipulations of a cube but influenced by visual information; e.g. drawing a net, 
and then 45 o + 45 o =90o  (10.3%); (C) incorrect answer by using sections of cube but 
influenced by visual information; e.g. in triangle BDE, ∠ B = ∠ D = 45 o, therefore ∠ 
AEF = 90o (5%) ;(D) correct answer with correct reasoning; e.g. in triangle BDE, 
EB=BD=DE and therefore ∠ BED = 60o (6.3%) ;(E) no answer (15.3%). The result 



Characteristics of student's 3D geometrical reasoning in elementary school  

7th ICMI-East Asia Regional Conference on Mathematics Education 
11-15 May 2015, Cebu City, Philippines 

732	  

implies that it is difficult for many students to reason correctly with given 
representation. 

 

What is the size of the angle BED? 
State your reason why. 

Figure 1. The angle in a cube problem 
 
3D geometry thinking levels 
Based on the van Hiele model of thinking in geometry, something widely used to 
describe and analyse learners’ thinking in 2D geometry, Gutiérrez (1992) proposed 
levels of 3D thinking. This was used by Gutiérrez et al (2004) to investigate students’ 
levels of thinking and their proof capabilities with problems involving prisms. The 
result was a characterization of students’ levels of 3D spatial thinking, with the lower 
levels characterised as relying on simple descriptions based on drawings, while at higher 
level students begin using reasoning more analytically (pp. 512-3). 

 
Kondo, Fujita, Kunimune, Jones and Kumakura (2014) utilise this information to 

refine Gutiérrez’s work, and propose the framework set out in Table 1 to capture 
students’ geometrical thinking with 3D shapes. In this paper, I focus on the "Reasoning 
with 3D properties" of this model from the view of elementary school, and the 
characteristics of the student's reasoning of elementary school are clarified. 
Table 1.  Levels of thinking in 3D geometry 

Level  Reasoning 
with 3D 
properties  

Manipulating  Features of students’ 3D thinking  

1  No  No  Students’ thinking is influenced by 2D 
representation. 

2a  Yes(not 
appropriate)  

No  Students start utilising 3D properties of 
shapes but without effective 
manipulations.  

2b  Yes(not 
appropriate)  

Yes(not 
appropriate)  

Students utilise 3D properties & 
manipulate the figure but it is not 
appropriate. 

2c  Yes(not 
appropriate)  

Yes  Students utilise 3D properties & 
manipulate the figure appropriately but 
with an incorrect answer.  

3  Yes  Yes  Students utilise 3D properties & 
manipulate the figure appropriately, and 
obtain the correct answer.  
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Study context and methodology 
In the curriculum of Japan, the properties of a cube are studied in grade 2 and 5, and the 
representations of a cube (a net, a sketch) are studied in grade 4. All the studies of the 
properties of a square and a cube (sides, faces, and diagonals) are finished by the end of 
grade 5. 

 
The data come from a survey that was conducted in 2014. In the survey, a total of 93 

students in Grades 5-6 in an ordinary elementary school were asked at the end of their 
school year, to answer three problems (which were some of the survey questions) in 
Figure 2. 

 
This is the sketch of a cube. Choose correct 
sentence about the length of [A] and [B]. 
< Choices> 
1) [A] is longer than [B]. 
2) [B] is longer than [A]. 
3) The lengths of [A] and [B] are equal. 
4) It cannot judge which is long. 

 
Problem 1 

  
Problem 2 

This is the sketch of a cube. The figure shows the triangle that was 
made by connecting three vertexes [B], [D], and [E] on this cube. 
Choose correct sentence about this triangle. 
And, state your reason why. 
1) This is a triangle that the lengths of three edges are all equal. 
2) This is a triangle that only two lengths of three edges are equal. 
3) This is a triangle that the lengths of three edges are all different. 

 
Problem 3 

Figure 2. The survey problems 

To catch the characteristics of the student’s reasoning, I compare the rate of the 
correct answer of these three problems, and analyze the student’s choices of the 
erroneous answer quantitatively. I also analyze descriptions of the student’s 
explanations in the problem 3 qualitatively. To keep the validity of the interpretations, 
the descriptions of the student's explanations were analyzed by three people: the 
elementary school teacher (who has the experience for ten years), the junior high school 
teacher (who has the experience for three years), and myself (as a researcher). 
 
Findings and analysis 
The rate of the correct answers 
Table 2 shows the rates of the correct answers of the problems 1, 2, and 3. 
 
Table 2.  The percentage of correct answers (*number of students) 

 G5 (n=45) G6 (n=48) Total (n=93) 
Problem 1 82% (*37) 92% (44) 87% (81) 
Problem 2 56% (25) 75% (36) 66% (61) 
Problem 3 40% (18) 52% (25) 46% (43) 

(The total might not become 100% because it rounds off the value.) 
 
 The rate of the correct answer of P1 (problem 1) was the highest, and the next was 
P2 (problem 2), and P3 (problem 3) was the lowest. P1 can be solved by using the 
knowledge that the lengths of edges of a cube are all equal. On the other hand, the 
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reasoning that a cube has 6 congruent squares and then the lengths of the diagonals are 
equal is necessary to solve P2. In addition, to get the correct answer in P3, they need to 
apply this reasoning to the triangle. 

 
Next, I analyzed the following four types; (Type A) no correct answers; (Type B) 

only P1 was answered correctly; (Type C) Only P1 and P2 were answered correctly; 
(Type D) all answers were correct; (Another type) types other than A, B, C, and D. The 
table 3 shows the percentages and the numbers of the students according to the types. 
 
Table 3. The percentages and the numbers* of the students according to the types 

Type P1 P2 P3 G5 (n=45) G6 (n=48) Total(n=93) 
A × × × 13% (*6) 8% (4) 11% (10) 
B ○ × × 20% (9) 15% (7) 17% (16) 
C ○ ○ × 27% (12) 25% (12) 26% (24) 
D ○ ○ ○ 29% (13) 50% (24) 40% (37) 

Another type 11% (5) 2% (1) 6% (6) 
 
Table 3 shows that the percentages of the correct answer improve from the type A to 

the type D. In the grade 6, the ratio of students who reach the type D is 50%. How did 
the students who were not able to get the correct answer think about the problem 3? 
Table 4 shows the answers of students of the type A, B and C in the problem 3. The 
66% of students who had answered wrong thought: ''This is a triangle in which only two 
of the three sides are equal." 

 
Table 4. The answers of students of the type A, B and C in the problem 3 

Type 
(*number) 

P1 P2 P3 2) This is a triangle in 
which only two of the 
three sides are equal. 

3) This is a triangle in 
which the lengths of 
all three sides are 
different. 

A (n=10) × × × 60% (*6) 40% (4) 
B (n=16) ○ × × 56% (9) 44% (7) 
C (n=24) ○ ○ × 75% (18) 25% (6) 

Total (n=50) 66% (33) 34% (17) 
 
The characteristics of the descriptions of student's explanations 
The student's explanations were characterized into the following five categories as a 
result of being qualitatively analyzed; (1) Non-responding; (2) The explanations based 
on the externals of the sketch or based on the measurement; e.g. ''It seems ‘EB’ is longer 
than ‘DB’ " or '' DB is 1cm9mm, EB is 4cm, and ED is 4cm"; (3) The explanations that 
the grounds of the validity of their judgments are not shown; e.g. ''Because the lengths 
of the sides are all the same"; (4) The explanations that give something as the grounds 
of the validities (however, it is not appropriate or not enough); e.g. ''Because both ‘EB’ 
and ‘DB’ are oblique lines" or ''Because there are squares;" (5) The explanations that 
give some properties of a cube and/or a square as the grounds of the validity; e.g. 
''Because a cube formed by 6 congruent squares" and/or ''Because the lengths of the 
diagonals of congruent squares are all same". Table 5 shows that the quantitative data 
about the characteristics of student's explanations of the type A, B and C.  
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The categories (4) and (5) are the explanations that gave the grounds of the validity 
of their judgments. The total percentages of both categories were the type A (10%), the 
type B (19%), the type C (46%), and the type D (86%).  And there is an increase in the 
numerical value of category (4) between the type B and the type C. Additionally, there 
is an increase in the numerical value of category (5) between the type C and the type D. 

Table 5. The characteristics of student's explanations of the type A,B and C 
Type 
(*number) 

P
1 

P
2 

P
3 

(1) Non-
responding 

(2) based on 
the externals 
or the 
measurement 

(3) without 
the ground 
of the 
validity 

(4) based on 
something 
(but not 
appropriate) 

(5)based 
on the 
properties	 
of a cube 
and/or a 
square 

10% (1) 0% (0) A (n=10) × × × 30% (*3) 10% (1) 50% (5) 
10% (1) 

6% (1) 13% (2) B (n=16) 
 

○ × × 13% (2) 19% (3) 50% (8) 
19% (3) 

42% (10) 4% (1) C (n=24) ○ ○ × 0% (0) 21% (5) 33% (8) 
46% (11) 

38% (14) 49% 
(18) 

D (n=37) ○ ○ ○ 5% (2) 0% (0) 8% (3) 

86% (32) 
 
Discussions and conclusion 
For the first research question “How many students can understand the 3D geometry 
based on the 3D representation (the sketch) in elementary school?” I investigated using 
three 3D geometry problems in the elementary school. As the results, many students got 
the correct answer for ‘Problem 1’ solving the problem by using the knowledge of a 
cube. On the other hand, the rate of the correct answer of 'Problem 2' decreased since it 
required reasoning. Significantly, only a half of the G-6 students were able to answer 
'Problem 3'. The student who got the correct answer to problem 3 could answer 
problems 1 and 2 correctly, too. It shows that their understandings of 3D geometry is 
strong. On the other hand, many of students who could not answer problem 3 thought, 
"This is a triangle in which only two of three sides are equal". They were strongly 
influenced by the appearance of the 3D representation. 

 
For the second research question “How do the elementary school students explain 

the validity of their judgments?” I analyzed student’s quantitative and qualitative 
explanations. Moreover, the students were categorized into four types according to the 
kinds of answers given to the survey problems, and the features of each explanation 
were analyzed. Then, the student's explanations were classified into the following five 
types; (1) Non-responding; (2) Explanation based on the externals of the sketch or based 
on the measurement; (3) Explanations in which the grounds of the validity of their 
judgments are not shown; (4) Explanations that give something as the grounds of the 
validities (however, it is not appropriate or not enough); (5) Explanations that give some 
properties of a cube and/or a square as the grounds of the validity. The number of 
students who show the grounds of the validity of their judgments had increased with the 
type A, B, C, and D (in accord with the increase of the number of the correct answers). 
Especially, there was a greater increase of the students who explained based on some 
grounds of the validity between the type B and the type C. In addition, there was more 
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students who explained based on the properties of a cube and/or a square between the 
type C and the type D. These show that the student's understanding and the student's 
explanation influence each other. 

 
In future research, based on the result of this study, I plan to make the following 

classes; 1) a class to give students the ability to ground the validity of their judgments 
about 3D geometry; 2) a class to promote the student's ability to reason based on the 
properties of 3D figures. 
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